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THE DENSITY OF RAMIFIED PRIMES
JYOTI PRAKASH SAHA
Abstract. Let F be a number field, O be a domain with fraction field K of characteristic
zero and ρ : Gal(F/F ) → GLn(O) be a representation such that ρ ⊗ K is semisimple.
If O admits a finite monomorphism from a power series ring with coefficients in a p-adic
integer ring (resp. O is an affinoid algebra over a p-adic number field) and ρ is continuous
with respect to the maximal ideal adic topology (resp. the Banach algebra topology), then
we prove that the set of ramified primes of ρ is of density zero. If O is a complete local
Noetherian ring over Zp with finite residue field of characteristic p, ρ is continuous with
respect to the maximal ideal adic topology and the kernels of pure specializations of ρ form
a Zariski-dense subset of SpecO, then we show that the set of ramified primes of ρ is of
density zero. These results are analogues, in the context of big Galois representations, of a
result of Khare and Rajan, and are proved relying on their result.
1. Introduction
The study of continuous representations of the absolute Galois groups of number fields
with coefficients in p-adic number fields is an important theme in number theory. For
each normalized eigen cusp form of weight at least two, there exists an associated Galois
representation of the absolute Galois group GQ of Q with coefficients in Qp by the works
of Eichler [Eic54], Shimura [Shi58] and Deligne [Del71]. In 1980’s, Hida constructed p-adic
analytic families of ordinary modular forms [Hid86a, Hid86b]. In particular, he proved that
there exists a big Galois representation (i.e. a Galois representation of GQ with coefficients
in a finite extension of the fraction field of Zp[[1+pZp]] ≃ Zp[[X ]]) interpolating the traces of
the Galois representations attached to the p-ordinary normalized eigen cusp forms of a given
tame level. It is known that the Galois representations associated with the normalized eigen
cusp forms are unramified almost everywhere and so is Hida’s big Galois representation.
The e´tale cohomologies of smooth projective varieties over number fields with coefficients
in Qp(r) are examples of continuous representations of the absolute Galois groups of number
fields. These representations are unramified almost everywhere. However, there exist contin-
uous, reducible, indecomposable representations which are ramified everywhere (see [Ser98,
III-12]). In [Ram00], Ramakrishna constructed examples of two dimensional surjective rep-
resentations of GQ over Zp which are ramified at infinitely many primes. One may also
consider representations of GQ with coefficients in extensions of the fraction field of Zp[[X ]]
which are ramified at infinitely many primes. Some examples of such representations can be
obtained by taking extension of scalars of the representations constructed by Ramakrishna.
Khare and Rajan proved in [KR01] that the set of ramified primes of a continuous semisim-
ple representation of the absolute Galois group of a number field over a p-adic number field
is of density zero. One may ask if the set of ramified primes of the representations of the
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absolute Galois groups of number fields with coefficients in integral domains of large Krull
dimension (for example, Zp[[X1, · · · , Xm]] or Qp〈X1, · · · , Xm〉) is of density zero. The aim
of this article is to answer this question under suitable assumptions.
2. Results obtained
In the following, O denotes an integral domain of characteristic zero with fraction field K.
Fix an algebraic closure K of K. Let ρ : GF → GLn(O) be a representation of the absolute
Galois group GF := Gal(F/F ) of a number field F such that ρ⊗K is semisimple. We prove
the following results about the set of ramified primes of ρ.
Theorem 1. If O admits a finite monomorphism from a power series ring with coefficients
in a p-adic integer ring (resp. O is an affinoid algebra over a p-adic number field) and
ρ is continuous with respect to the maximal ideal adic topology (resp. the Banach algebra
topology), then the set of ramified primes of ρ is of density zero.
We prove Propositions 3, 4 in the next section and then give the proof of Theorem 1.
Proposition 3 states that given countably many nonzero elements of a ring O as in Theorem
1, O admits a continuous Qp-specialization which vanishes at none of the given elements.
Under some minor assumptions on O, Proposition 4 states that ρ has enough semisimple Qp-
specializations. Applying Proposition 3 to some nonzero entries (if any) of the monodromies
of ρ at the places of ramification and using Proposition 4, it follows that ρ has a continuous
semisimple specialization over Qp such that the set of ramified primes of ρ coincides with
the set of primes of ramification of this specialization. Then applying [KR01, Theorem 1],
Theorem 1 follows.
Theorem 1 would also hold when O is a complete local Noetherian domain if Proposition 3
holds for such rings. This proposition is proved for affinoid algebras (which are defined as the
quotients of Tate algebras) by showing that it holds for Tate algebras and using the fact that
affinoid algebras admit finite monomorphisms from Tate algebras (by Noether normalization
[Bos14, Proposition 3, p. 32]). For complete local Noetherian rings of characteristic zero
and residue characteristic p, it is known that such rings are quotients of the power series
rings with coefficients in p-adic integer rings by the Cohen structure theorem [Sta18, Tag
032A]. But we do not know if the quotients of power series rings over p-adic integer rings
admit finite monomorphisms from power series rings. For this reason, we could not prove
that Theorem 1 holds even when O is a complete local Noetherian ring. However, under an
additional assumption on the existence of enough pure specializations of ρ, we have the result
below. Its proof relies on Proposition 4 which guarantees the existence of enough semisimple
Qp-specializations of ρ, the fact that non-trivial action of inertia does not become trivial
under pure specializations [Sah17, Theorem 3.1] and that the set of ramified primes of a
continuous semisimple p-adic Galois representation is of density zero [KR01, Theorem 1].
Theorem 2. If O is a complete local Noetherian ring over Zp with finite residue field of
characteristic p, ρ is continuous with respect to the maximal ideal adic topology and the
kernels of pure specializations of ρ form a Zariski-dense subset of SpecO, then the set of
ramified primes of ρ is of density zero.
Theorems 1, 2 are analogues of the result [KR01, Theorem 1] of Khare and Rajan in
the context of big Galois representations, i.e., in the context of Galois representations with
coefficients in rings of large Krull dimension.
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3. Proofs of the results
We prove the following propositions and then use them to establish Theorems 1, 2.
Proposition 3. Suppose O admits a finite monomorphism from a power series ring with
coefficients in a p-adic integer ring or O is an affinoid algebra over a p-adic number field.
Then given countably many nonzero elements of O, there exists a continuous Zp-algebra
homomorphism λ : O → Qp which vanishes at none of them.
Proof. Note that affinoid algebras admit finite monomorphisms from Tate algebras by Noether
normalization [Bos14, Proposition 3, p. 32]. Hence it suffices to prove the proposition for
power series rings and Tate algebras.
Let K be a p-adic number field with ring of integers OK . Let mK denote the maximal
ideal of OK . Note that given a nonzero element of the Tate algebra K〈X1, · · · , Xm〉, it has
a nonzero multiple with Gauss norm one, which is divisible by Xm − (a + a
2X1 + a
3X2 +
· · · + amXm−1) only for finitely many elements a ∈ mK by the Weierstass division formula
[Bos14, Theorem 8, p. 17]. Since mK contains pZp and Zp is uncountable, there exists an
element a ∈ mK such that each of the given countably many elements ofK〈X1, · · · , Xm〉 have
nonzero images under the K-algebra map K〈X1, · · · , Xm〉 → K〈X1, · · · , Xm−1〉 sending Xm
to a + a2X1 + a
3X2 + · · ·+ a
mXm−1 and Xi to Xi for i < m. Hence the proposition holds
for the Tate algebra K〈X1, · · · , Xm〉 if it holds for K〈X1, · · · , Xm−1〉. Since the proposition
holds for K, by induction, it holds for any Tate algebra.
Note that a nonzero element of OK [[X1, · · · , Xm]] is divisible by Xm− (a+a
2X1+a
3X2+
· · ·+ amXm−1) only for finitely many elements a ∈ mK . Since mK is uncountable, for some
element a ∈ mK , the given countably many elements of OK [[X1, · · · , Xm]] have nonzero
images under the OK-algebra map OK [[X1, · · · , Xm]]→ OK [[X1, · · · , Xm−1]] sending Xm to
a+a2X1+a
3X2+ · · ·+a
mXm−1 and Xi to Xi for i < m. Then by induction, the proposition
follows for power series rings. 
Proposition 4. Suppose O is a complete local Noetherian ring over Zp with finite residue
field of characteristic p or an affinoid algebra over a p-adic field. Then there exists a nonzero
element h ∈ O such that λ ◦ ρ is semisimple for any homomorphism λ : O → Qp with
λ(h) 6= 0.
Proof. Note that a complete local Noetherian domain is a Nagata ring by [Mat80, Corollary
2, p. 234] and in particular, it is N-2, i.e., its integral closure in any finite extension of its
fraction field is finite and hence Noetherian. If an affinoid algebra is an integral domain, then
its integral closure in its fraction field is Noetherian (being finite by [FvdP04, Theorem 3.5.1])
and hence its integral closure in any finite extension of its fraction field is also Noetherian
by [Mat80, Proposition 31.B]. So the integral closure of O in any finite extension of K is
Noetherian.
Let T denote the free O-module On with GF acting on it by ρ. We claim that there exists
a finite extension K of K contained in K, a nonzero element f in the integral closure O of O
in K and representations ρ1 : GF → GLn1(Of), · · · , ρr : GF → GLnr(Of) such that ρi⊗K is
irreducible for any 1 ≤ i ≤ r and the representation T ⊗Of is isomorphic to the direct sum
of ρ1, · · · , ρr. To establish the claim by induction, it suffices to consider the case when ρ⊗K
is reducible, which we assume. Since T ⊗K is semisimple, there exists a finite extension K
of K contained in K such that T ⊗K decomposes into the direct sum of nonzero K -linear
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subspaces V1,V2 stable under the action of GF . Denote the GF -representation T ⊗O O by
T . Then the O-module Ti := T ∩ Vi is stable under the action of GF . Let Bi be a subset
of Ti such that Bi is a basis of Vi over K . Let T
′
i denote the O-submodule of T generated
by Bi. Note that T
′
i is contained in Ti and is free over O . For any element ti of Ti, there
exists a nonzero element di ∈ O such that diti belongs to T
′
i . Since O is Noetherian, Ti is
finitely generated over O and hence there exists a nonzero element fi ∈ O such that fiTi
is contained in T ′i . This proves that T
′
i ⊗ Ofi is equal to Ti ⊗ Ofi. Similarly, the direct
sum of T ′
1
,T ′
2
is equal to T after some localization. Hence there exists a nonzero element
f ∈ O and representations of GF on two free Of -modules whose direct sum is isomorphic
to Tf and whose tensor products with K are isomorphic to V1,V2. Then the claim follows
from induction.
By [Che04, Lemma 7.2.2], there exists a nonzero element g ∈ Of such that for any ring
homomorphism µ : Of → Qp with µ(g) 6= 0, the representations µ ◦ ρ1, · · · , µ ◦ ρr are
absolutely irreducible. Replacing g by its product with a power of f (if necessary), we
assume that g is a nonzero element of O . So for any map µ : O → Qp with µ(fg) 6= 0, the
representations µ ◦ ρ1, · · · , µ ◦ ρr are absolutely irreducible. For each ring homomorphism
λ : O → Qp, fix an extension λ˜ : O → Qp of λ. Let X
s + as−1X
s−1 + · · · + a0 be a monic
polynomial over O of least degree which is satisfied by fg. Note that a0 is nonzero. Since
the representation Tf is isomorphic to the direct sum of ρ1, · · · , ρr, for any map λ : O → Zp
satisfying λ(h) 6= 0 where h := a0, the representation λ ◦ ρ is isomorphic to the direct sum of
the absolutely irreducible representations λ˜◦ρ1, · · · , λ˜◦ρr, and hence λ◦ρ is semisimple. 
Proof of Theorem 1. Since ρ is continuous with coefficients in O and O is a power series ring
with coefficients in a p-adic integer ring or an affinoid algebra over a p-adic number field,
by Grothendieck’s monodromy theorem ([ST68, pp. 515–516], [BC09, Lemma 7.8.14]), the
inertia group at any finite place of F not dividing p acts potentially unipotently on ρ. For
each place v ∤ p of F such that ρ has nonzero monodromy at v, choose a nonzero entry ηv
of the monodromy. By Proposition 3, there exists a continuous Zp-algebra homomorphism
λ : O → Qp such that λ(h) is nonzero and λ(ηv) is nonzero for any place v ∤ p of F where
ρ has nonzero monodromy. Suppose v ∤ p is a place of ramification of ρ. If ρ has nontrivial
monodromy at v, then λ ◦ ρ also has nontrivial monodromy at v and hence ramified at v.
If ρ has trivial monodromy at v, then some element of the inertia group at v acts on ρ
by a nontrivial finite order automorphism and hence has a nontrivial root of unity as an
eigenvalue. So its induced action on λ◦ρ also has a nontrivial root of unity as an eigenvalue,
which implies that λ ◦ ρ is ramified at v. Consequently, the set of places of ramification of ρ
and λ ◦ ρ are equal. Since λ(h) is nonzero, the representation λ ◦ ρ is semisimple. By [KR01,
Theorem 1], the set of places of ramification of λ ◦ ρ is of density zero. So the set of places
of ramification of ρ is of density zero. This proves Theorem 1. 
Proof of Theorem 2. Since the kernels of pure specializations of ρ form a Zariski-dense subset
of SpecO, by Proposition 4, there exists a continuous Zp-algebra homomorphism λ : O → Zp
such that λ ◦ ρ is semisimple and pure. Since ρ is continuous with coefficients in a complete
local Noetherian ring over Zp with finite residue field of characteristic zero, by Grothendieck’s
monodromy theorem [ST68, pp. 515–516], the inertia group at any finite place of F not
dividing p acts potentially unipotently on ρ. Then the purity of λ ◦ ρ implies that the set
of places of ramification of ρ and λ ◦ ρ are equal by [Sah17, Theorem 3.1]. Since λ ◦ ρ is
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semisimple, by [KR01, Theorem 1], the set of places of ramification of λ◦ρ is of density zero.
So the set of places of ramification of ρ is of density zero. This proves Theorem 2. 
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